The zero-width approximation (ZWA) restricts the intermediate unstable particle state to the mass shell and, when combined with the decorrelation approximation, fully factorizes the production and decay of unstable particles. The ZWA uncertainty is expected to be of O(Γ/M), where M and Γ are the mass and width of the unstable particle. We review the ZWA and demonstrate that errors can be much larger than expected if a significant modification of the Breit-Wigner lineshape occurs. A thorough examination of the recently discovered candidate Standard Model Higgs boson is in progress. For M H ≈ 125 GeV, one has Γ H /M H < 10 −4 , which suggests an excellent accuracy of the ZWA. We show that this is not always the case. The inclusion of off-shell contributions is essential to obtain an accurate Higgs signal normalization at the 1% precision level. For gg → H → V V , V = W, Z, O(5 -10%) corrections occur due to an enhanced Higgs signal in the region M V V > 2M V , where also sizable Higgscontinuum interference occurs. We discuss how experimental selection cuts can be used to suppress this region in search channels where the Higgs mass cannot be reconstructed. We note that H → V V decay modes in non-gluon-fusion channels are similarly affected.
Introduction
The theoretical study of unstable particles has a long history. Initial work focused on an adequate field-theoretical definition of the mass and lifetime of an unstable particle [1] [2] [3] . At the time, a mass and width definition based on the position of the complex pole of the unstable particle propagator was also proposed [4] [5] [6] . A consistent quantum-fieldtheoretical formalism for the description of unstable particles with unitary, renormalizable and causal S-matrix was developed in Ref. [7] . Extending previous work to gauge theories, Refs. [8, 9] proposed a perturbative expansion of the exact scattering amplitude about the complex pole of the unstable particle propagator and a subsequent consistent expansion in powers of the coupling constant. Thus obtaining an order by order gauge-invariant definition of the scattering amplitude in perturbation theory. The gauge-invariant [10] mass and width of the unstable particle in the corresponding pole scheme differ from the quantities in the commonly used on-shell scheme (see also Refs. [11, 12] ), which exhibit a gauge dependence in higher orders. 1 The generalization of the complex pole approach to one-loop calculations with multiple, charged unstable particles has been discussed in Ref. [15] .
In Refs. [16] [17] [18] [19] [20] , the complex pole approach has been generalized using the effective field theory formalism. The effective theory is constructed by systematically expanding cross sections in powers of two parameters: the coupling constant (α) and a measure for the off-shellness of the unstable particle propagator (δ), which is of order Γ/M in the region of validity, i.e. close to resonance. 2 The effective field theory approach yields a gauge-invariant expansion that can in principle be truncated at arbitrarily high orders in α and δ and that permits an extension, for instance, to threshold regions.
An alternative approach that works more automatically and is expected to give precise numerical results in all kinematic situations, but is theoretically less rigorous, is the complex-mass scheme [23] [24] [25] . At tree level, it exploits the fact that the full amplitude (without self-energy resummation) is gauge independent and remains so if the mass of the unstable particle, M, is systematically replaced with √ M 2 − iMΓ, thus including the higher-order self-energy corrections that remove the real pole of the unstable particle propagator. Note that this procedure results, for instance, in a complex weak mixing angle: cos θ W = M W /M Z . The introduced spurious terms are corrections of O(Γ/M) = O(α) in the resonant as well as nonresonant phase space regions. Beyond tree level, the complexmass scheme is implemented by splitting the real bare mass into a complex renormalized mass and a complex counterterm in the Lagrangian. The complete renormalization prescription is given in Ref. [24] . The complex-mass scheme has primarily been employed in multi-leg calculations at tree and one-loop level, 3 but can in principle be extended to higher orders. The theoretical weakness of the scheme is that the ad hoc introduction of complex masses violates unitarity. It is plausible that the unitarity-violating terms are of higher order, but a rigorous proof is still outstanding.
The outlined evolution of methods for perturbative calculations that involve unstable particles illustrates that despite the impressive progress no formalism has been developed yet that on the one hand has a rigorous field-theoretical foundation and on the other hand provides a practicable and efficient implementation which returns reliable results of the desired precision for all phenomenologically relevant observables. In this light, it is suggestive to revisit approximations where unstable particle states do not feature a continuous invariant mass spectrum, but are instead on-mass-shell.
The simplest such approximation is to treat unstable particles as stable external particles. The stable-particle approximation can be used to obtain results for inclusive observables with an expected uncertainty of O(Γ/M). But, it does not allow to calculate the differential cross section for processes that include the decay of the unstable particle. This is, however, essential for collider phenomenology, because typically only the decay products can be detected. Furthermore, as shown in Ref. [7] , in a sound perturbative field theory unstable particles do not occur as external states.
4
The zero-width approximation (ZWA) [26] , a.k.a. narrow-width approximation, is a well-known on-shell approximation that is not affected by these shortcomings. It exploits the asymptotic equality of the squared modulus of the unstable (scalar) particle propagator with 4-momentum q to π/(MΓ) δ(q 2 − M 2 ) in the limit Γ → 0. The Dirac delta function restricts the unstable particle to on-shell states without otherwise affecting the production and decay subprocesses. In general, an uncertainty of O(Γ/M) is expected for the ZWA. For many known and predicted unstable particles one finds that Γ/M is of O(1%), which implies a ZWA error that is similar to other theoretical and experimental errors in collider experiments. The ZWA is therefore widely applicable. An exception are heavy Higgs bosons (M H 300 GeV): for a Standard Model (SM) Higgs boson with mass of 300 GeV, for instance, the expected ZWA uncertainty is of O(3%) and increases to O(20%) for M H = 600 GeV. The ZWA is evidently not adequate for a heavy Higgs boson, which rather requires a detailed description of the lineshape (Higgs invariant mass distribution), which has been developed recently in Refs. [27, 28] . On the other hand, for the recently discovered [29, 30] 2 Zero-Width Approximation: Definition and Uncertainty
Consider the squared modulus of the unstable scalar particle propagator with 4-momentum q, mass M and width Γ,
where the fixed-width Breit-Wigner scheme has been used. We note that the field-theoretical definition of the on-shell mass M and on-shell width Γ of an unstable particle are not fully satisfactory and that the complex-pole scheme is theoretically better motivated (see Sec. 1). However, the propagator in the complex-pole scheme, 1/(q 2 − s pole ) with s pole = µ 2 − iµγ (see e.g. Ref. [27] ), can be obtained to very high precision by substituting M → µ and Γ → γ in Eq. (1). 5 The scheme choice does therefore not affect our discussion of the ZWA. The formal definition of the ZWA is based on the following expansion:
where P V denotes the principal value (understood as a distribution), δ n (x) is related to the nth derivative of the delta function by δ n (x) = (−1) n /n! δ (n) (x), and the expansion is in terms of the coupling constant α, to a given order N. The prefactor of the delta function is given by
In ZWA, only the first term of the expansion is taken into account. The ZWA hence factorizes the reaction into a production and a decay subprocess, joined by an on-shell unstable particle state. The generalization of the ZWA to unstable particles with nonzero spin is straightforward, because the pole structure of the propagator is the same, and the expansion in Eq. (2) is similarly applicable. Note that in this form the ZWA preserves full spin and polarization correlations. One can take the factorization of production and decay subprocesses further and sum/average over the spin/polarization states of the intermediate on-shell state in order to fully decouple production and decay. As shown in Ref. [32] , this procedure is exact for total or sufficiently inclusive cross sections of arbitrary resonant processes with an on-shell intermediate state decaying via a cubic or quartic vertex. For less inclusive cross sections, the decorrelation approximation will cause an additional error. Note that branching ratios (BR) are defined and extracted from collider data via
respectively, where Γ d (Γ) is the partial (total) decay width and σ p is the production cross section of the unstable particle in the stable-particle approximation. The right-hand side of Eq. (4) implies the application of the ZWA and decorrelation approximation. A process-independent branching ratio definition requires that production and decay are fully decoupled.
The uncertainty of the ZWA is typically of O(Γ/M). To be useful for high-energy scattering reactions, the ZWA uncertainty has to be comparable to other theoretical and experimental errors. Since for many known and predicted unstable particles Γ/M is of O(1%), this is indeed the case. The ZWA is in particular widely used in the analysis of many-particle signatures due to Beyond-the-Standard-Model (BSM) physics. 6 In this context, long decay chains frequently occur, and a repeated application of the ZWA suggests itself. 7 Since application of the ZWA requires the corresponding intermediate unstable particle state and restricts it to the mass shell, its application implies that subresonant 8 and nonresonant amplitude contributions and off-shell effects are neglected.
9 For sufficiently inclusive cross sections, these contributions are suppressed. The factorization into production and decay subprocesses is also convenient when higher-order corrections are included in calculations. 10 In this case, in ZWA also non-factorizable corrections that connect production and decay subprocesses are neglected.
11 Calculations for phenomenological studies are hence simplified in two ways: First, and most importantly, the number of contributing Feynman graphs is significantly reduced as well as the number of kinematic structures that need to be included when applying the multichannel Monte Carlo integration technique [38] . Secondly, the dimensionality of the phase space integration is reduced. We note that state-of-the-art calculational techniques for amplitudes [39] and modern computer resources allow to include finite-width effects for processes of increasing complexity, in particular for SM processes and when BSM parameter space scans are not carried out.
An alternative interpretation of the ZWA is that the leading q 2 -dependence of the differential cross section, i.e. the Breit-Wigner resonance, is integrated out. We illustrate this in Eqs. (5), (6) , and (7), where s is the total 4-momentum squared, subscripts p and 6 A method to include finite-width effects in BSM event generators is described in Ref. [33] . 7 See Ref. [34] for an example. 8 Subresonant Feynman graphs contain some, but not all unstable states that are to be treated in ZWA. 9 Note that off-shell contributions are implicitly included. See Eqs. (3), (6) and (7). 10 See Ref. [35] for an example. 11 For sufficiently inclusive cross sections, the nonfactorizable corrections are of O(αΓ/M ) [36, 37] . d refer to production and decay factors, respectively, and the M and Γ dependence of D(q 2 , M, Γ) has been suppressed.
Evidently, even for a sufficiently small ratio Γ/M, the ZWA can be inadequate if a significant modification of the Breit-Wigner lineshape occurs. Such a modification can be induced by the q 2 -dependence of production and decay factors or be due to interference with sub-or nonresonant amplitude contributions, i.e. corrections or backgrounds which are neglected in ZWA. Here, an important observation is that the Breit-Wigner distribution does not drop off nearly as fast as, for instance, a Gaussian. The relative contribution of the tail more than n widths from the peak can be estimated as 1/(nπ), because [40] 
Note that the tail region with |(q 2 ) 1/2 − M| > 5 Γ thus contributes more than 6% to the resonant cross section. Selection cuts or kinematical bounds (e.g. m 2 < q 2 < s max , where m is the sum of the masses of the decay products, and s max is the squared CMS collision energy) can introduce cutoffs, which are not taken into account if the ZWA is used. Eq. (8) can be used to estimate the associated error. Typically, kinematical bounds will be far from M in terms of Γ, in which case the uncertainty is negligible.
Nevertheless, phenomenologically relevant cases where the ZWA error exceeds O(Γ/M) by one order of magnitude or more have been identified in the literature [31, 32, [41] [42] [43] . A strongly enhanced uncertainty is possible if in ZWA kinematical threshold configurations occur. Consider, for example, a decay chain A → B, (C → D, E). In this case, configurations where
| is smaller than a few Γ C would be critical. Such configurations are phase space suppressed, and the decays will be rare. We note that almost degenerate particle masses are not unnatural in SM extensions, as evidenced by the SPS benchmark scenarios for SUSY searches [44] . The occurring significant deviations between ZWA and off-shell results can be traced back to threshold factors
1/2 , where Q 1,2 are (invariant) masses. The phase-space element contains such factors. For certain interaction types, e.g. scalar-fermion-antifermion, additional powers of β are contributed by |M| 2 , which enlarges the phase space region where strongly enhanced deviations occur. The effect can be explained by a significant deformation of the Breit-Wigner lineshape (peak and tail) caused by powers of the q 2 -dependent 
2 ) (solid) are shown in unspecified normalization for a decay via a scalar-fermion-antifermion interaction as functions of the invariant mass q 2 . f (x, y) = (x − y)
2 /x, Γ/M = 1% and m = M − 2Γ. Further details can be found in Ref. [43] .
threshold factors, as illustrated in Fig. 1 . The q 2 -dependence of the residual matrix element can cause strongly enhanced ZWA uncertainties even in the absence of degenerate mass configurations. An example is given in Sec. 3.
Zero-Width Approximation Inadequacy for a Light Higgs Boson Signal
A key objective of current particle physics research is the experimental confirmation of a theoretically consistent description of elementary particle masses. In the SM, this is achieved through the Higgs mechanism [45] [46] [47] [48] [49] , which predicts the existence of one physical Higgs boson. A thorough examination of the recently discovered candidate SM Higgs boson [29, 30] with M H ≈ 125 GeV is in progress, and its properties are in agreement with theoretical expectations. No compelling deviations have been observed so far. In this situation, it is prudent to examine the accuracy of theoretical predictions for light Higgs production and decay that are used in experimental analyses. For light Higgs masses, the loop-induced gluon-fusion production (gg → H) dominates [50] . Next-to-leading order QCD corrections have been calculated in the heavy-top limit [51] and with finite t and b mass effects [52] [53] [54] , and were found to be as large as 80-100% at the Large Hadron Collider (LHC). This motivated the calculation of next-to-next-to-leading order QCD cor-rections [55] [56] [57] enhanced by soft-gluon resummation at next-to-next-to-leading logarithmic level [58, 59] and beyond [60] . In addition to higher-order QCD corrections, electroweak corrections have been computed and found to be at the 1-5% level [61] [62] [63] . Further references on all aspects of Higgs physics at the LHC can be found in Refs. [64, 65] . A comparison of the ZWA and finite-width Higgs propagator schemes in inclusive Higgs production and decay in gluon fusion was carried out in Refs. [66, 67] for Higgs masses between 120 and 800 GeV.
12 Overall, good agreement with the expected uncertainty of O(Γ H /M H ) was found. In particular, for light Higgs masses (M H < 300 GeV) a relatively small error of O(1%) was found [66] , leading to the conclusion that the ZWA should be an adequate treatment for a light Higgs boson where the Higgs width is very small compared to its mass [67] . Curiously, a closer inspection of the results for M H = 120 GeV reveal that the deviation between ZWA and fixed-width Breit-Wigner scheme (0.5%) is two orders of magnitude larger than Γ H /M H (4 · 10 −5 ). Based on the discussion in Sec. 2, it is suggestive to interpret this as evidence for a significant deformation of the Breit-Wigner lineshape for a light Higgs boson. Such deformations were first predicted and thoroughly studied in Ref. [31] . They can be traced back to the dependence of the Higgs decay amplitude M d on the Higgs virtuality q 2 for different decay modes (cf. Eqs. (5) and (7)). One has, for instance, 
The Breit-Wigner expectation (H ZWA ) and the enhanced off-shell distribution (H offshell ) are illustrated in Figs. 2 and 3 using the gg → H → W − W + → ℓν ℓl ν ℓ and gg → H → ZZ → ℓlν ℓνℓ processes, respectively. The differential cross section in the plateau-like finite-width tail is approximately two to three orders of magnitude smaller than in the resonance region. However, the plateau extends from the V V threshold to beyond 600 GeV. The integrated 12 We note that the pinch-technique approach yields a theoretically well-behaved Dyson-resummed Higgs boson propagator [68, 69] , which does not suffer from unphysical absorptive effects, as seen in the comparison in Fig. 5 of Ref. [68] . 13 Here, implies above, but not too far above threshold. The ZWA distribution (black, dashed) as defined in Eq. (11) in the main text, the off-shell Higgs distribution (black, solid), the dσ(
Standard cuts are applied: p T ℓ > 20 GeV, |η ℓ | < 2.5, p / T > 30 GeV, M ℓℓ > 12 GeV. Differential cross sections for a single lepton flavor combination are displayed. No flavor summation is carried out for charged leptons or neutrinos. Further details can be found in Ref. [31] . cross section in this region far from resonance thus contributes O(10%) to the total finitewidth cross section, more specifically, 16% and 37% in Figs. 2 and 3 , respectively. ZWA errors of O(10%) can therefore occur in H → V V decay modes, despite Γ H /M H < 10 −4 .
14 We emphasize that H → V V modes in Higgs production channels other than gluon fusion also exhibit an enhanced off-shell tail, since the effect is caused by the decay amplitude. Evidently, the ZWA caveat also applies to Monte Carlo generators that approximate off-shell effects with an ad hoc Breit-Wigner reweighting of the on-shell propagator (cf. Eq. (11)). Furthermore, the ZWA limitations are relevant for the extraction of Higgs couplings, which is initially being performed using the ZWA. The findings of Ref. [31] make clear that off-shell effects have to be included in future Higgs couplings analyses.
Above the V V threshold, the gg → V V continuum background is large and sizable signal-background interference (see Fig. 4 , left and right) occurs. Resonance-continuum interference in gg (→ H) → V V has been studied in Refs. [31, [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] and for related pro- 200 300 400 500 600
GeV. Other details as in Fig. 2 . cesses in Refs. [81] [82] [83] [84] [85] [86] [87] . 15 Due to the enhanced Higgs cross section above the V V threshold, integrated cross sections can be affected by O(10%) signal-background interference effects, which are hence also displayed in Figs. 2 and 3 .
In the vicinity of the Higgs resonance, finite-width and Higgs-continuum interference effects are negligible for gg
For weak boson decays that permit the reconstruction of the Higgs invariant mass, the experimental procedure focuses on the Higgs resonance region and for M H ≪ 2M V the enhanced off-shell region is thus typically excluded.
For H → V V channels that do not allow to reconstruct the Higgs invariant mass, the tail contribution can nevertheless be reduced significantly by means of optimized selection cuts. In Table 1 
GeV. Off-shell and interference effects in the vicinity of the Higgs resonance are shown. Other details as in Fig. 2. search selection has additional cuts, in particular an upper bound on the invariant mass of the observed dilepton system, which significantly reduce the contribution from the region with M W W ≫ 2M W . The result is a substantial mitigation of the off-shell (see Table 1 ) and interference effects (see Ref. [31] ). As first noted in Ref. [76] , a very effective means to suppress the tail contribution is provided by cuts on transverse mass observables [96] , which are designed to have the physical mass of the decaying parent particle (the invariant mass in the off-shell case) as upper bound. For the process considered here, the best-performing transverse mass is defined by
M T distributions are shown in Fig. 6 , which demonstrates that a M T < M H cut strongly suppresses off-shell as well as interference effects. Table 1 shows that the application of this M T cut reduces the ZWA error to the sub-percent level. Note, however, that the cut on M T cannot completely eliminate the unwanted
for all phase space configurations, and a small contamination remains. The efficiency of a transverse mass cut for gg (→ H) → ZZ → ℓlν ℓνℓ is illustrated in Table 2 . Fig. 2 . Higgs search cuts: standard cuts and M ℓℓ < 50 GeV, ∆φ ℓℓ < 1.8. The zero-width approximation (ZWA) and off-shell Higgs cross sections, the gg continuum cross section and the sum of off-shell Higgs and continuum cross sections including interference are given. The accuracy of the ZWA and the impact of off-shell effects are assessed with R = σ H,ZWA /σ H,offshell . The integration error is given in brackets. Other details as in Fig. 2 . 
Summary
The evolution of methods for perturbative calculations that involve unstable particles has been reviewed. A general formalism that has a rigorous field-theoretical foundation and provides a practicable and efficient implementation which returns reliable results of the desired precision for all phenomenologically relevant observables is not yet known. This fact was used to motivate a review of on-mass-shell approximations. The zero-width approximation, a.k.a. narrow-width approximation, restricts the intermediate unstable particle state to the mass shell and, when combined with the decorrelation approximation, fully factorizes the production and decay subprocesses. Both approximations are implicitly ap- Table  1 . plied when extracting branching ratios from collider data. The ZWA strongly reduces the complexity of calculations of cross sections for many-particle processes in Standard Model extensions and/or higher-order corrections. The uncertainty of the ZWA is typically of O(Γ/M), where M (Γ) is the mass (width) of the unstable particle, but can be much larger in special cases where a significant modification of the Breit-Wigner lineshape occurs. Such a modification can be induced by the q 2 -dependence of production and decay factors, where q 2 is the unstable particle virtuality, or be due to interference with sub-or nonresonant amplitude contributions, i.e. corrections or backgrounds which are neglected in ZWA. A strongly enhanced error is, for instance, possible if in ZWA kinematical threshold configurations occur.
A thorough examination of the recently discovered candidate SM Higgs boson is in progress, and its properties are in good agreement with theoretical expectations. It is thus prudent to examine the accuracy of theoretical predictions for light Higgs production and decay that are used in experimental analyses. For the SM Higgs boson with M H ≈ 125 GeV, one has Γ H /M H < 10 −4 , which suggests an excellent accuracy of the ZWA. We have demonstrated that the ZWA is in general not adequate and the error estimate O(Γ H /M H ) is not reliable for a light Higgs boson. The inclusion of off-shell contributions is essential to obtain an accurate Higgs signal normalization at the 1% precision level as well as correct kinematic distributions. ZWA deviations are particularly large for gg → H → V V processes (V = W, Z). To be more specific, without optimized selection cuts they are of O(5 -10%). The ZWA caveat also applies to Monte Carlo generators that approximate offshell effects with an ad hoc Breit-Wigner reweighting of the on-shell propagator. Moreover, the ZWA limitations are relevant for the extraction of Higgs couplings, which is initially being performed using the ZWA. Our findings make clear that off-shell effects have to be included in future Higgs couplings analyses. The unexpected off-shell effect can be traced back to the dependence of the decay amplitude on the Higgs virtuality q 2 . For H → V V decay modes one finds that the (q 2 ) 2 dependence of the squared modulus of the decay amplitude above the V V threshold compensates the q 2 -dependence of the Higgs propagator, which causes a strongly enhanced off-shell cross section up to invariant masses of about 600 GeV. We note that H → V V modes in Higgs production channels other than gluon fusion also exhibit an enhanced off-shell tail, since the effect is caused by the decay amplitude. The total gg → H → V V cross section receives an O(10%) offshell correction and a similar correction due to signal-background interference. These effects are negligible in the vicinity of the Higgs resonance if M H ≪ 2M V . If the Higgs mass can be reconstructed exclusion of the problematic region above the V V threshold is straightforward. For H → V V channels where this is not the case, the enhanced tail can be strongly suppressed by applying a M T < M H cut on a suitable transverse mass observable M T .
